Abstract. The Fukaya category of a Weinstein manifold is an intricate symplectic invariant of high interest in mirror symmetry and geometric representation theory. We show in analogy with Morse homology that the Fukaya category can be obtained by gluing together Fukaya categories of Weinstein cells. Our main technical result is a dévissage pattern for Lagrangian branes parallel to that for constructible sheaves. As an application, we exhibit the Fukaya category as the global sections of a sheaf on the conic topology of the Weinstein manifold. This can be viewed as a symplectic analogue of the well-known algebraic and topological theories of (micro)localization.
Introduction
To realize "compact, smooth" global objects as glued together from simpler local pieces, one often pays the price that the local pieces are "noncompact" or "singular". For several representative examples, one could think about compact manifolds versus cells and simplices, smooth projective varieties versus smooth affine varieties and singular hyperplane sections, vector bundles with flat connection versus regular holonomic D-modules, or perhaps most universally of all, irreducible modules versus induced modules.
In this paper, we explain how a similar pattern holds for exact Lagrangian branes in Weinstein manifolds: complicated branes can be systematically glued together (in the homological sense) from simple but noncompact branes. If the initial branes are compact, then Seidel's theory of iterated Lefschetz fibrations and their vanishing cycles and thimbles [56] provides a complete solution, both theoretically and computationally. For applications to areas such as mirror symmetry and geometric representation theory, it is useful to go further and consider noncompact branes from the start. When the Weinstein manifold is a cotangent bundle, constructible sheaves capture the structure of all branes, compact and noncompact alike, and in particular, organize the gluing relations between local and global calculations [44, 42, 43] . Our aim here is to turn to another basic structure of a Weinstein manifold and decompose branes along its unstable coisotropic Morse cells. One can interpret the resulting presentation of the Fukaya category as a categorical form of Morse homology.
As a consequence, we obtain a canonical localization of branes: we construct a sheaf of categories whose global sections recover the Fukaya category. This provides a symplectic counterpart to the algebraic theory of Beilinson-Bernstein localization [9] and the topological microlocalization of Kashiwara-Schapira [27] . Though we are exclusively occupied in this paper with general theory, we anticipate applications of potentially broad appeal. The localization of branes should lead to the calculation of many Fukaya categories, in particular in terms of algebraic quantizations when the Weinstein manifold is the Hamiltonian reduction of a cotangent bundle. For the simplest example, one could consider Slodowy slices and their smoothings: on the one hand, their compact branes have been studied extensively in the context of knot homologies [29, 61, 38] ; on the other hand, their noncommutative modules globalize to modules over Lie algebras and finite W -algebras (see [31, 49, 33, 34] for origins and up-to-date lists of references). More broadly, one could also consider other symplectic settings for geometric representation theory, for example for localizations of Cherednik-type algebras and hypertoric enveloping algebras [24, 25, 26, 16, 41] . This paper provides useful tools to see that such targets admit a single categorical quantization which can be described in terms of localized branes or alternatively noncommutative modules.
From a concrete geometric perspective, we have been particularly inspired by Seidel's theory of exact symplectic Dehn twists [52, 53, 54, 56] . For technical foundations or at least moral reassurance, we have also leaned heavily upon the cornerstones set by Eliashberg, Gromov, and Weinstein [21, 73, 20] , Fukaya, Oh, Ohta, and Ono [22] , Seidel [56] , Fukaya and Oh [23] , Wehrheim and Woodward [67, 68, 69, 70, 71, 72] , Kashiwara and Schapira [27] and Lurie [35, 36, 37] . There is a wealth of results in closely aligned directions, in particular in the analysis of the homology of closed strings. We are familiar with only a small part of this growing literature, in particular, the guiding advances of Seidel [55, 57] , and the striking results of Bourgeois, Cieliebak, Eckholm, and Eliashberg [17, 14, 15] .
In what follows, we first outline the specific setup adopted in this paper, then go on to describe our main results and their immediate precursors.
1.1. Setup. Let (M, θ) be a Weinstein manifold, so a manifold M equipped with a one-form θ whose differential ω = dθ is a symplectic form satisfying standard axioms (recalled in Section 2 below). We will always assume that M is real analytic, and all subsets and functions are subanalytic (or definable within some fixed o-minimal context). The basic source of examples are Stein manifolds, or more specifically, smooth affine complex varieties.
Let Z be the Liouville vector field on M characterized by θ = i Z ω, and let c ⊂ M be the finite subset of zeros of Z. For generic data, the flow of Z provides a stratification S = {C p } p∈c into coisotropic unstable cells C p ⊂ M contracting to the zeros p ∈ c. Hamiltonian reduction along each coisotropic unstable cell C p ⊂ M produces a contractible Weinstein manifold (M p , θ p ) which we refer to as a Weinstein cell.
Let F (M ) denote the Fukaya category of not necessarily compact exact Lagrangian branes, and let Perf F (M ) denote the stable Fukaya category of perfect modules over F (M ). Here we fix a coefficient field k, and by perfect modules, mean summands of finite complexes of representable modules with values in k-chain complexes. Let us briefly orient the reader as to what version of the Fukaya category we work with. (See Section 3 below for a more detailed discussion of all of the following notions.)
First, recall that any symplectic manifold M is canonically oriented, and one can unambiguously speak about its Chern classes. To work with graded Lagrangian submanifolds, we will make the standard assumption that the characteristic class 2c 1 (M ) is trivialized. For simplicity, we will also assume that M comes equipped with a spin structure. Then by Lagrangian brane, we will mean a graded Lagrangian submanifold equipped with a finite-dimensional local system and pin structure. The restriction to spin manifolds provides sufficient duality so that we may geometrically access functors between Fukaya categories via Lagrangian branes on products. It is a categorified analogue of the familiar assumption that manifolds are oriented allowing cochains on their products to give homomorphisms on their cohomology.
Second, by the Fukaya category F (M ), we mean the infinitesimal (as describes the setting of [52, 56, 44, 42] ) rather than wrapped variant (as found in [4] ); this is one extreme of the partially wrapped paradigm [6, 7] . Our perturbation framework involves Hamiltonian isotopies (in the direction of the rotated Liouville vector field) of constant size with respect to a radial coordinate near infinity rather than of linear growth. This has the advantage of a more evident functoriality due to a clear-cut distinction between local versus global aspects. If one specifies a conic Lagrangian support Λ ⊂ M for branes, the resulting full subcategory Perf Λ F (M ) ⊂ Perf F (M ) becomes a close "Verdier dual" cousin to the corresponding partially wrapped category (the relation is analogous to that of cohomology and homology, or more immediately, perfect and coherent O-modules). A basic and concrete aspect of this relation is that there is a canonical fully faithful embedding of the partially wrapped category into the category of modules over Perf Λ F (M ). Thus by coupling results for the infinitesimal category with notions of support and homological bounds, one can obtain a parallel picture for the partially wrapped category.
It is beyond the scope of this paper to develop this picture in detail, but we have included a precise assertion in the form of a conjecture in Remark 1.9 below.
1.2. Dévissage for branes. Broadly speaking, we show that the stable Fukaya category Perf F (M ) can be recovered from the stable Fukaya categories Perf F (M p ) of its Weinstein cells together with gluing data in the form of natural adjunctions. Moreover, we show that this presentation of Perf F (M ) can be localized in the conic topology of M .
In one formulation of our first main result, we construct a semiorthogonal decomposition of Perf F (M ) associated to a closed coisotropic submanifold i : C → M that is a union of unstable cells. On the one hand, the formalism of Hamiltonian reduction provides a Lagrangian correspondence
where N is a Weinstein manifold, and q is the quotient along the integrable isotropic foliation determined by i. On the other hand, the open complement j : M • = M \ C → M naturally inherits the structure of a Weinstein manifold.
One can view the following result as a dévissage pattern for Lagrangian branes analogous to standard gluings for constructible sheaves (as recalled in Section 1.4.2 below). From a symplectic perspective, one can view the functors involved as resulting from "Dehn twists around cells".
Theorem 1.1. There is a natural diagram of adjunctions
Now one can organize the functors of Theorem 1.1 to show that there is a natural fully faithful monoidal embedding
characterized by the property that
This allows one to analyze Perf F (M ) as a module over the "spectrum" of the commutative algebra Sh S (M ). We will not develop this picture further, though it guides our thinking in the discussion to follow. Theorem 1.1 provides various frameworks for gluing together Perf F (M ) from the constituent pieces Perf F (N ), Perf F (M • ). To pursue gluing, it is useful to regard each of the above categories as a small stable idempotent-complete k-linear ∞-category. Then we can adopt the foundations of [35, 36] , and work within the ∞-category st k of small stable idempotent-complete k-linear ∞-categories.
According to the reinterpretation of Remark 1.3, we can view Perf
Let us recast this in monadic terms by considering the adjunction
We obtain a resulting monad, or in other words, algebra object in endomorphisms
The ∞-categorical Barr-Beck Theorem provides a canonical equivalence
where the right hand side denotes module objects over the monad T . We can inductively apply the above considerations by successively taking the coisotropic submanifold i : C → M to be a single closed unstable cell. Recall that c ⊂ M denotes the finite subset of zeros of the Liouville vector field Z. For each p ∈ c, we have the Hamiltonian reduction of the corresponding unstable cell
We obtain a resulting upper-triangular monad
with matrix entries i ! q i p! for unstable cells C q ⊂ C p . Finally, the ∞-categorical Barr-Beck Theorem provides the following corollary. Corollary 1.5. There is a canonical equivalence of small stable idempotent-complete k-linear ∞-categories is not itself stable, it is unsurprising that "suspension" in the current setting is not invertible as it is in the traditional setting.) Second, to pairs of critical points p, q ∈ c, we assign the individual term i ! q i p! of the gluing monad T . More generally, to collections of critical points, we assign the corresponding terms of the gluing monad T together with the monadic structure maps among them. From the perspective of Morse homology, one can view the individual terms and their monadic structure as the analogue of boundary maps and their higher relations.
Part of the appeal of Morse homology is that the boundary maps and their higher relations localize along the spaces of flow lines connecting the relevant critical points. Furthermore, the boundary maps and their higher relations admit simple descriptions in terms of the spaces of flow lines. For instance, the boundary maps themselves are given by counts of isolated flow lines. We will develop an analogue of this picture in the section immediately following.
1.3. Localization of branes. An analysis of the constructions of Theorem 1.1 allow one to go further and localize the stable Fukaya category Perf F (M ) over the conic topology of M . There are many inspiring precedents [1, 4, 58, 59, 63] and informed assertions [30] that suggest such a construction should be possible. In our own thinking, we have often returned to the setting of cotangent bundles as a guide: combining the equivalence of Lagrangian branes with constructible sheaves [44, 42, 43] and the formalism of microlocalization [27] leads to a complete solution in that case.
To describe the localization for a general Weinstein manifold (M, θ), let us return to the geometry of the Liouville vector field Z. We say a subset of M is conic if it is invariant under the flow of Z, and use the term core to refer to the compact conic isotropic subvariety K ⊂ M of points that do not escape to infinity under the flow. We use the term ether to refer to the complement E = M \ K, and define the projectivization M ∞ = E/R + to be the compact contact manifold obtained by quotienting the ether by the flow. More generally, given any conic subset A ⊂ M , we can consider its projectivization
To any object L ∈ Perf F (M ), we assign its singular support ss(L) ⊂ M which is a closed conic isotropic subvariety depending only on the isomorphism class of the object (see Section 3.7 below). The singular support records the coarse homological nontriviality of objects, and for a Lagrangian brane is a subset of its limiting dilation to a conic Lagrangian subvariety. For example, if L is a compact Lagrangian brane, then ss(L) ⊂ K.
Let us fix a (most likely singular and noncompact) conic Lagrangian subvariety Λ ⊂ M which we refer to as the characteristic cone. We will assume that Λ contains the core K ⊂ M , and hence is completely determined by its projectivization Λ ∞ ⊂ M ∞ . Note that the inclusions K ⊂ Λ ⊂ M are all homotopy equivalences, so what will interest us most is their local geometry.
Let us consider the full subcategory Perf Λ (M ) ⊂ Perf F (M ) of objects L ∈ Perf F (M ) with singular support satisfying ss(L) ⊂ Λ. So for example, if L is a compact Lagrangian brane, then it provides an object of Perf Λ F (M ) irrespective of the choice of Λ. Note that
Recall that c ⊂ M denotes the finite subset of zeros of the Liouville vector field Z. For each p ∈ c, we have the Hamiltonian reduction of the corresponding unstable cell
We obtain a conic Lagrangian subvariety Λ p ⊂ M p by setting Λ p = q p (i −1 p (Λ)), and similarly a full subcategory
Now by localizing Perf Λ F (M ) with respect to singular support, we obtain the following theorem. Its verification appeals to the dévissage results outlined above. Theorem 1.6. There exists a st k -valued sheaf F Λ on the conic topology of M with the following properties:
(1) The support of F Λ is the characteristic cone Λ ⊂ M . 
For each zero p ∈ c, the sections of F Λ lying strictly above the unstable cell C p ⊂ M are canonically equivalent to Perf Λp F (M p ).
Here is a description of F Λ in the simplest example.
Consider the two-dimensional Weinstein cell M = C with standard Liouville form θ and projectivization M ∞ ≃ S 1 . Its core is the single point K = {0} ⊂ C, and its ether is the complement E = C * ⊂ C. Any characteristic cone Λ ⊂ C will be the union of K = {0} with finitely many rays. For n = 0, 1, 2, . . ., let Λ n ⊂ C denote the characteristic cone with n rays.
Then Perf Λn F (M ) is equivalent to finite-dimensional modules over the A n−1 -quiver (in particular, for n = 0, it is the zero category). This is also the stalk of the sheaf F Λn at the point 0 ∈ C. Its stalk at other points x ∈ C is either (not necessarily canonically) equivalent to Perf k when x ∈ Λ n , and is the zero category otherwise. Remark 1.8. It is possible to say much more about F Λ though we will reserve a detailed analysis for another time. Let us content ourselves here with mentioning that when M is a cotangent bundle, sections of F Λ are equivalent to (the sheafification of) microlocal sheaves. In general, a similar description holds for the restriction of F Λ to the complement M \ c of the zeros of the Liouville vector field Z. Namely, the quotient (M \ c)/R + by the Liouville flow is naturally a (non-Hausdorff) contact manifold, and the restriction of F Λ to the complement M \ c can be obtained by pulling back microlocal sheaves from (M \ c)/R + . Remark 1.9. This remark is devoted to a conjectural parallel picture for the partially wrapped Fukaya category. Let us continue with the setting of Theorem 1.6, and write W F Λ (M ) for the partially wrapped Fukaya category as developed in [6, 7] . It specializes to the fully wrapped variant of [4] when the characteristic cone Λ ⊂ M coincides with the compact core K ⊂ M .
Let Perf W F Λ (M ) denote the stable category of perfect modules over W F Λ (M ), and let Mod W F Λ (M ) denote the stable category of all modules. Note that the two stabilizations are formally the same amount of information: Mod W F Λ (M ) is the ind-category Ind(Perf W F Λ (M )), and Perf W F Λ (M ) is the full subcategory of compact objects (Mod W F Λ (M )) c . Given a conic open subset U ⊂ M , let us imagine a "mirror" picture of the category F Λ (U ) as perfect quasicoherent sheaves over a scheme X U proper over Spec k. The statement that X U is proper can be formalized by the conjecture that F Λ (U ) is hom-finite. Given conic open subsets V ⊂ U ⊂ M , let us also imagine a "mirror" picture of the restriction map F Λ (U ) → F Λ (V ) as the pullback of perfect quasicoherent sheaves under a morphism X V → X U . Now given a conic open subset U ⊂ M , consider the category of finite functionals
From the above "mirror" perspective, Coh F Λ (U ) corresponds to coherent sheaves over the proper scheme
From the above "mirror" perspective, the corestriction map corresponds to the pushforward (right adjoint to pullback) of coherent sheaves under the morphism X U → X V .
The above constructions equip Coh F Λ with the structure of a pre-cosheaf. Let us write Ind(Coh F Λ ) for the corresponding pre-cosheaf of ind-categories, and Ind(Coh F Λ ) + for its cosheafification. (If one prefers the intuitions of sheaves over cosheaves, one could pass to the right adjoints of the corestriction maps of Ind(Coh F Λ ) + and turn it into a sheaf.) We conjecture that there is a natural equivalence
In other words, the stable partially wrapped Fukaya category Perf W F Λ (M ) consists of the compact objects of the global sections of the cosheaf Ind(Coh F Λ ) + . Finally, let us mention some corroborating evidence for the above conjecture. First, using the results of [2, 44, 42] , one can check it for M a cotangent bundle and Λ the zero section. Second, recent calculations of Fukaya categories of Riemann surfaces, pairs-of pants and their generalizations [60, 3, 62] reveal a mirror symmetry with matrix factorizations. In the situations considered, the wrapped Fukaya category corresponds to "coherent" matrix factorizations and the full subcategory of compact branes corresponds to "perfect" matrix factorizations.
We have briefly mentioned anticipated applications of Theorems 1.1 and 1.6 earlier in the introduction. Let us conclude here with a useful technical application: Theorem 1.6 allows us to define the stable Fukaya category of an "inexhaustible, singular Weinstein manifold". Namely, given a union of coisotropic cells C ⊂ M , we can take the sections of the sheaf F Λ lying strictly above C for increasing Λ. Rather than leaving it in such an abstract form, let us explain what results by appealing directly to the concrete geometry of Theorem 1.1.
To begin, let us rotate our viewpoint on the exact triangles appearing in Theorem 1.1 and switch the roles of the known and unknown categories in our discussion. Recall that we assumed that the closed coisotropic subvariety i : C → M is both a smooth submanifold and a union of unstable cells. Let us relax these two requirements in turn.
First, suppose the closed coisotropic subvariety i : C → M is no longer necessarily smooth, but still a union of unstable cells. On the one hand, the formalism of Hamiltonian reduction still provides a correspondence
though N is now a "singular Weinstein manifold", whatever that might mean. On the other hand, the open complement j : M • = M \ C → M continues to inherit the structure of a Weinstein manifold. With this setup, the arguments of Theorem 1.1 provide adjunctions
with j ! , j * fully faithful, and j ! ≃ j * . We do not have an a priori definition of a Fukaya category Perf F (N ), but Theorem 1.1 tells us what it should be. Namely, we should define
When N is smooth, Theorem 1.1 confirms that we recover precisely Perf F (N ) by taking the kernel of morphisms u appearing in such data. 
When N is smooth, Theorem 1.1 confirms that we recover precisely Perf F (M • ) by taking the cokernel of morphisms c appearing in such data. Putting together the above generalizations, we obtain an unambigious infinitesimal Fukaya category of an "inexhaustible, singular Weinstein manifold" so that it is compatible with familiar notions whenever they apply.
1.4.
Influences. In the remainder of the introduction, we recount some influences on our thinking, in particular the symplectic geometry of Dehn twists, the dévissage pattern for constructible sheaves, and the Morse theory of integral kernels.
1.4.1. Dehn twists. One can view our geometric constructions as simple elaborations on the fundamental notion of exact symplectic Dehn twists. In turn, the many incarnations of this notion (spherical twists, mutations, braid actions, Hecke correspondences,...) play a prominent role in mirror symmetry and geometric representation theory.
We sketch here an informal picture of our geometric constructions from the perspective of Dehn twists. The basic mantra could be: Dehn twists around spheres provide mutations; Dehn twists around cells provide semiorthogonal decompositions. (There are also extensive relations between mutations and semiorthogonal decompositions, often arising from exceptional collections, thanks to the fact that spheres themselves can be cut into cells.)
Let us recall Seidel's long exact sequence in Floer cohomology [52, 53, 54] . There are also highly relevant relative sequences found in the work of Perutz [46, 47, 48] and WehrheimWoodward [72] . We will ignore technical issues and proceed as quickly as possible to the statement.
Let S ⊂ M be an exact Lagrangian sphere in an exact symplectic manifold. Let τ S : M → M be the associated exact symplectic Dehn twist around S. Then for any two exact Lagrangian submanifolds L 0 , L 1 ⊂ M , there is a long exact sequence of (Z/2Z-graded, Z/2Z-linear) Floer cohomology groups
The sequence admits a straightforward categorical interpretation. Assume M is equipped with appropriate background structures, and the exact Lagrangian submanifolds S, L 0 , L 1 are all equipped with appropriate brane structures. Let Perf F (M ) denote the resulting Z-graded, k-linear stable Fukaya category (of summands of finite complexes of representable modules), and let S, L 0 , L 1 denote the corresponding objects. Thanks to the functoriality of the sequence in the variable L 1 , we can rewrite it as an exact triangle of objects
Let us introduce the (presently elaborate but ultimately justified) notation
for the fully faithful embedding i S! of the subcategory Perf F S (M ) generated by S, and its right adjoint i
. Then thanks to the functoriality of sequence in the variable L 0 , we can view it as an exact triangle of functors
where the first map is the counit of the adjunction. Now suppose the exact Lagrangian sphere S ⊂ M were rather a closed but noncompact exact Lagrangian cell C ⊂ M . To place it in a categorical context, let us now allow the Fukaya category F (M ) to contain closed but noncompact Lagrangian branes. Then one should have a similar exact triangle of functors
where τ C denotes the "Dehn twist" around the cell C ⊂ M . It takes compact Lagrangian branes to noncompact Lagrangian branes which are asymptotically close to C near infinity. Let us go one step further and consider the open exact symplectic submanifold
Assuming C is in good position with respect to the exact symplectic structure, we should be able to realize τ C as the monad of an adjunction Putting the above together, we obtain an exact triangle of functors
where the initial map is the counit of the adjunction, and the middle map is the unit of the adjunction. Thus we have a semiorthogonal decomposition of Perf F (M ) by the two full subcategories Perf
. We will develop a generalization of the above picture where we allow the cell C ⊂ M to be coisotropic rather than Lagrangian. The geometric constructions and formal consequences are similar, with the main new development that the full subcategory Perf F C (M ) will no longer be generated by a single object. In the section immediately following, we motivate the general pattern with the formalism of dévissage for constructible sheaves.
Dévissage pattern.
We recall here the dévissage pattern for constructible sheaves. Our ultimate aim is to reproduce this pattern for Lagrangian branes in Weinstein manifolds.
In what follows, we will only consider subanalytic sets X and subanalytic maps f : X → Y . We write Sh(X) for the differential graded category of constructible complexes of sheaves on X, and have the standard adjunctions
Verdier duality provides an anti-involution
intertwining the preceding adjunctions
Suppose we have a partition of X into an open subset and its closed complement
Then the standard functors provide a diagram
The fact that j is an open embedding (hence smooth of relative dimension zero) provides a canonical identification j ! ≃ j * , and the fact that i is a closed embedding (hence proper) provides a canonical identification i ! ≃ i * .
The fact that U and Y are disjoint provide canonical identifications j
The additional fact that U and Y cover X lead to dual exact triangles
where the first and middle morphisms are respectively counits and units of adjunctions. These triangles are generalizations of the long exact sequences of pairs in cohomology. Alternatively, we also have the dual exact triangles
where the first and middle morphisms result from units and counits of adjunctions respectively. These triangles are generalizations of the Mayer-Vietoris long exact sequences of cohomology. Now let us find the above formalism as a special case of Theorem 1.1. Suppose X is a compact manifold, and consider the Weinstein manifold M = T * X. Recall from [44, 42, 43 ] the microlocalization equivalence
Suppose i : Y → X is a closed submanifold, with open complement j : U = X \Y → X. Then from Theorem 1.1 and the construction of microlocalization, we obtain commutative diagrams with horizontal maps fully faithful embeddings and vertical maps equivalences
Thus we can view Theorem 1.1 as a generalization of the usual dévissage for constructible sheaves. Strictly speaking, a direct application of Theorem 1.1 would require Y to be a smooth submanifold, but iterated applications allows one to reach similar conclusions in general.
1.4.3.
Morse theory of integral kernels. Our arguments exploit the well-known strategy: to prove universal statements about objects of a category, one should realize endofunctors of the category as integral transforms and establish canonical identities among them.
We will illustrate this with the toy case of Morse theory since our later arguments are direct analogues of it. For simplicity, let us work with a compact oriented manifold M . Consider a generic pair consisting of a Morse function f : M → R and Riemannian metric g on M . Let c ⊂ M denote the critical locus of f , and Φ t : M → M the flow along the gradient ∇ g f . To each critical point p ∈ c, associate the stable and unstable cells
Finally, orient S p and U p so that the orientation of U p × S p agrees with that of X at p. One formulation of Morse theory is that every cohomology class c ∈ H * (M ; R) can be expressed in the form
where c p , U p denotes the natural pairing, and we regard S p as a cohomology class via Poincaré duality. In other words, the stable and unstable cells form dual bases in cohomology.
To establish equation (1.1), it is useful to recast it as an equation in the cohomology of the product X × X. Namely, each cohomology class k ∈ H * (X × X; R) can be regarded as an integral kernel providing an endomorphism
where we use Poincaré duality to integrate. Then equation (1.1) follows from the identity of cohomology classes
where ∆ X ⊂ X × X is the diagonal, and hence provides the identity endomorphism. Finally, to establish equation (1.2), one observes that the gradient flow of the Morse function
provides a homotopy between the diagonal ∆ X and the sum of external products p∈c U p × S p . All in all, a pleasant aspect of the above argument is that it makes no reference to an arbitrary cohomology class c ∈ H * (X; R), but only involves highly structured cohomology classes such as the diagonal ∆ X and the sum of external products p∈c U p × S p . Furthermore, we do not need to know a precise relation between cohomology classes k ∈ H * (X × X; R) and arbitrary endomorphisms Φ : H * (X; R) → H * (X; R), only that there is a linear map
Turning from vector spaces to the setting of linear categories, one finds many examples of the above argument. Most prominently, there is Beilinson's universal resolution [8] of coherent sheaves on projective space P n by vector bundles. It suffices once and for all to introduce the Koszul resolution of the structure sheaf O ∆ P n of the diagonal ∆ P n ⊂ P n × P n . Then for any coherent sheaf on P n , convolution with the Koszul resolution produces the desired resolution by vector bundles. What results is a concrete description of all coherent sheaves in terms of the quiver of constituent vector bundles in the Koszul resolution.
Our argument for Theorem 1.1 applies the above version of Morse theory in the setting of linear categories. We consider the product Weinstein manifold M op × M where we write M op to denote the opposite symplectic structure. The formalism of bimodules allows us to view Lagrangian branes L ⊂ M op × M as endofunctors. In particular, the diagonal brane ∆ M ⊂ M op × M represents the identity functor. The endofunctors of adjunctions appearing in the exact triangle of Theorem 1.1 are also represented by natural correspondences.
The key to our arguments begins with the familiar observation that the geometry of a neighborhood of the diagonal ∆ M looks like the geometry of the cotangent bundle T * M . We exploit a useful elaboration: the geometry of natural correspondences matches the geometry of the conormal bundles to the coisotropic unstable cells. 
Weinstein manifolds
Most of the material of this section is well-known and available in many beautiful sources [21, 73, 20, 18] . Unless otherwise stated, we will assume that all manifolds are real analytic, and all subsets and maps are subanalytic [11, 66] .
Basic notions.
Definition 2.1. An exact symplectic manifold (M, θ) is a manifold M with a one-form θ such that ω = dθ is a symplectic form. We use the term Liouville form to refer to θ.
One defines the Liouville vector field Z by the formula i Z ω = θ. The symplectic form ω is an eigenvector for the Lie derivative L Z ω = i Z dω + di Z ω = 0 + dθ = ω. An exact symplectic manifold is equivalently a triple (M, ω, Z) consisting of a manifold M with symplectic form ω and fixed vector field Z such that L Z ω = ω.
We will always assume that M is complete with respect to Z in the sense that Z integrates for all time to provide an expanding action
A subset A ⊂ M is said to be conic if it is invariant under the expanding action in the sense that Φ t (A) = A, for all t ∈ R + . Example 2.3. Any manifold X provides an exact symplectic manifold (T * X, θ X ) given by the cotangent bundle π X : T * X → X equipped with its canonical exact structure θ X . The Liouville vector field Z X generates the standard linear scaling Φ X,t along the fibers of π X .
More generally, any conic open subset A ⊂ T * X in particular the complement of the zero section T * X \ X, provides an exact symplectic manifold (A, θ X | A ).
By a Morse function h : M → R, we will always mean an exhausting (proper and bounded below) function whose critical points are nondegenerate and finite in number. A vector field V is gradient-like with respect to h if away from the critical points of h, we have dh(V ) > 0, and in some neighborhood of the critical points, V is the gradient of h with respect to some Riemannian metric.
Definition 2.4. By a Weinstein manifold, we will mean an exact symplectic manifold (M, θ) that admits a Morse function h : M → R such that the Liouville vector field Z is gradient-like with respect to h. Example 2.5. A Weinstein cell is a Weinstein manifold (M, θ) such that θ has a single zero. It follows that any Morse function h : M → R such that the Liouville vector field Z is gradient-like with respect to h will have a single critical point which is a minimum. Example 2.6. Suppose X is a compact manifold. Choose a generic Morse function f X : X → R and Riemannian metric g, and let ∇ g f X denote the resulting gradient of f X . We obtain a fiberwise linear function F X : T * X → R by setting F X (x, ξ) = ξ(∇ g f X | x ). Then for ǫ > 0 sufficiently small, the pair (T * X, θ X + ǫdF X ) forms a Weinstein manifold, exhibited by the Morse function
For the statements of this section, in addition to the previously mentioned works, we recommend the excellent sources [12, 13] .
Let (M, θ) be a complete exact symplectic manifold with Liouville vector field Z and expanding action
The critical locus c ⊂ M is the zero-locus of the exact structure
The core K ⊂ M is the subset
The ether E ⊂ M is the complement
Remark 2.8. All three of the above subsets are evidently conic, and the expanding action on the complement M \ c, and in particular the ether E, is free. The critical locus c ⊂ M is equivalently the zero-locus of the Liouville vector field Z, or the fixed points of the expanding action Φ t . Definition 2.10. Given a Weinstein manifold (M, θ), to each critical point p ∈ c, we associate the stable and unstable manifolds
Lemma 2.11. Given a Weinstein manifold (M, θ), for each critical point p ∈ c, the stable manifold c p is an isotropic cell and the unstable manifold C p is a coisotropic cell.
The coisotropic cells provide a partition
while the isotropic cells partition the core
We will always perturb our Liouville form θ to be generic. Then it follows that the partition by coisotropic cells is a Whitney stratification.
Lemma 2.12. Given a Weinstein manifold (M, θ), the core K ⊂ M is compact and its inclusion is a homotopy-equivalence.
We will use the coisotropic cells to view the finite critical locus c ⊂ M as a poset: we say critical points p, q ∈ c satisfy p ≤ q if and only if
In particular, maxima p ∈ c correspond to closed coisotropic cells C p ⊂ M , and subsets s ⊂ c such that p ∈ s and q ∈ c with q ≤ p implies q ∈ s correpond to open unions
2.3. Markings. Let us first list some useful notions about conic sets. Definition 2.13. Let (M, θ) be a complete exact symplectic manifold.
(1) The projectivization of M is the contact manifold
equipped with its canonical contact structure ξ.
More generally, the projectivization of a conic subset A ⊂ M is the subset
Remark 2.14. When (M, θ) is a Weinstein manifold, its projectivization M ∞ is compact.
Next let us list some useful notions about closed sets.
Definition 2.15. Let (M, θ) be a complete exact symplectic manifold.
(1) The compactification at infinity of M is the manifold with boundary
More generally, the compactification at infinity of a closed subset A ⊂ M is the closure
The boundary at infinity of a closed subset A ⊂ M is the frontier
16. If A ⊂ M is closed and conic, then our notation agrees in that
Definition 2.17. By a marked exact symplectic manifold (M, θ, Λ), we will mean an exact symplectic manifold (M, θ) together with a closed conic isotropic subvariety Λ ⊂ M containing the core K ⊂ Λ. We use the term characteristic cone to refer to Λ. By a marked Weinstein manifold (M, θ, Λ), we will mean a marked exact symplectic manifold such that the underlying exact symplectic manifold (M, θ) is a Weinstein manifold Remark 2.18. Given a marked exact symplectic manifold (M, θ, Λ), we can alternatively encode the characteristic cone Λ ⊂ M by taking its projectivization Λ ∞ ⊂ M ∞ . We recover the characteristic cone Λ ⊂ M by taking the union of the core and the cone over the projectivization First, we have the normal bundle Ni p → C p appearing in the exact sequence
Dually, we have the conormal bundle
The symplectic form ω = dθ provides an integrable foliation f p ⊂ T C p by either taking the symplectic orthogonal f p = (T C p ) ⊥ or equivalently, the symplectic partner i fp ω = N * i p . Thus the symplectic form identifies the partial flags
and dually, it identifies the quotient sequences
where i p is the inclusion of the coisotropic cell, and q p is the quotient by the integrable isotropic foliation f p ⊂ T C p determined by i p . By construction, we have the following statement.
Lemma 2.19. We have a natural marked Weinstein cell
Remark 2.20. In the case when Λ ∞ = ∅ so that Λ = K, we have Λ p = q p (K ∩C p ). If in addition p ∈ c is maximal, so that C p ⊂ M is closed, we have K ∩ C p = {p}, and hence Λ p = {q p (p)}, and so Λ ∞ p = ∅. 2.5. Dévissage cone. We continue with (M, θ, Λ) a marked Weinstein manifold.
Fix a critical point p ∈ c, and return to the Hamiltonian reduction diagram
where i p is the inclusion of the coisotropic cell, and q p is the quotient by the integrable isotropic foliation
Let us observe that the inverse-image
Definition 2.21. The local dévissage cone Λ p+ ⊂ M is the conic isotropic subvariety
The global dévissage cone Λ + ⊂ M is the conic isotropic subvariety
Remark 2.22. In the spirit of the adjunctions to come, one could note that we can rewrite the definition of Λp ⊂ C p in the evidently equivalent forms
Open submanifolds. We continue with (M, θ, Λ) a marked Weinstein manifold.
Suppose that p ∈ c is maximal, so that the coisotropic cell i p : C p → M is closed. It will be useful to introduce some further structure on its normal geometry.
(1) m Proof. This is easily obtained from the basic properties of subanalytic functions [11, 66] .
We will say that a subset s ⊂ c is open if p ∈ s and q ∈ c with q ≤ p implies q ∈ s. 
Fukaya category
In this section, we survey the construction and basic properties of the stable infinitesimal Fukaya category of a Weinstein manifold [52, 56, 44, 42, 43] .
3.1. Background structures. Let (M, θ) be a Weinstein manifold. We briefly review the standard additional data needed to consider Lagrangian branes and the Fukaya category.
We will work with compatible almost complex structures J ∈ End(T M ) that are invariant under dilations near infinity. The corresponding Riemannian metrics present M near infinity as a metric cone over the projectivization M ∞ . The space of all such compatible almost complex structures is nonempty and convex.
Given an almost complex structure J ∈ End(T M ), we can speak about the complex canonical line bundle
, and all bicanonical trivializations form a torsor over the gauge group Map(M, S 1 ). Forgetting the specific almost complex structure J ∈ End(T M ), we will use the term bicanonical trivialization to refer to a section of bicanonical trivializations over the space of compatible almost complex structures.
Any symplectic manifold M is canonically oriented, or in other words, after choosing a Riemannian metric, the structure group of T M is the special orthogonal group. A spin structure σ is a further lift of the structure group to the spin group. The obstruction to a spin structure is the second Stiefel-Whitney class w 2 (M ) ∈ H 2 (M, Z/2Z), and all spin structures form a torsor over the group H 1 (M, Z/2Z).
together with a bicanonical trivialization η and spin structure σ. We will often suppress mention of the latter structures when they are fixed throughout.
Lagrangian branes.
By an exact Lagrangian submanifold L ⊂ M , we mean a closed but not necessarily compact submanifold of dimension dim M/2 such that the restriction θ| L is an exact one-form, so in particular, ω| L = 0 where ω = dθ. To ensure reasonable behavior near infinity, we place two assumptions on our exact Lagrangian submanifolds L ⊂ M . First, we insist that the compactification L ⊂ M is a subanalytic subset. Along with other nice properties, this implies the following two facts:
(1) The boundary at infinity ∂ ∞ L ⊂ M ∞ is an isotropic subvariety. (2) For h : M → R a Morse function such that Z is gradient-like with respect to h, there is a real number r > 0 such that the restricted function
has no critical points. Second, we also assume the existence of a perturbation ψ that moves L to a nearby exact Lagrangian submanifold that is tame (in the sense of [64] ) with respect to a conic metric.
Definition 3.2. Fix a field k.
A brane structure on an exact Lagrangian submanifold L ⊂ M is a three-tuple (E, α, ♭) consisting of a flat finite-dimensional k-vector bundle E → L, along with a grading α (with respect to the given compatible class of bicanonical trivializations) and a pin structure ♭.
A Lagrangian brane in M is a four-tuple (L, E, α, ♭) of a Lagrangian submanifold L ⊂ M equipped with a brane structure (E, α, ♭). When there is no chance for confusion, we often write L alone to signify the Lagrangian brane.
The objects of the Fukaya category Ob
Here is a brief reminder on what a grading and pin structure entail. First, consider the bundle of Lagrangian planes Lag M → M , and the squared phase map
Given a Lagrangian submanifold L ⊂ M , we obtain the restricted map
The obstruction to a grading is the Maslov class [α] ∈ H 1 (L, Z), and all gradings form a torsor over the group H 0 (L, Z). Second, and recall that the (positive) pin group P in + (n) is the double cover of the orthogonal group O(n) with center Z/2Z × Z/2Z. A pin structure ♭ on a Riemannian manifold L of dimension n is a lift of the structure group of T L along the map
The obstruction to a pin structure is the second Stiefel-Whitney class w 2 (L) ∈ H 2 (L, Z/2Z), and all possible pin structures form a torsor over the group H 1 (L, Z/2Z).
Intersections. Graded linear spans of intersection points provide the morphisms in the Fukaya category F (M ). Given a finite collection of Lagrangians branes
we must perturb them so that their intersections occur in some bounded domain. To organize the perturbations, we recall the inductive notion of a fringed set. A fringed set R 1 ⊂ R + is any interval of the form (0, r) for some r > 0. A fringed set
is a subset satisfying the following:
A Hamiltonian function H : M → R is said to be controlled if near infinity it is equal to a conical coordinate. Given a finite collection of Lagrangians branes L 0 , . . . , L d ∈ Ob F (M ), and controlled Hamiltonian functions H 0 , . . . , H d , we may choose a fringed set R ⊂ R d+1 such that for (δ d , . . . , δ 0 ) ∈ R, there is a compact region W ⊂ M such that for any i = j, we have
By a further compactly supported Hamiltonian perturbation, we may also arrange so that the intersections are transverse.
We consider finite collections of Lagrangian branes L 0 , . . . , L d ∈ Ob F (M ) to come equipped with such perturbation data, with the brane structures (E i , α i , ♭ i ) and taming perturbations ψ i transported via the perturbations.
Definition 3.3. Given a finite collection of Lagrangian branes
branes L i , L j with i < j, the graded vector space of morphisms between them is the direct sum
where the integer deg(p) denotes the Maslov grading at the intersection.
It is worth emphasizing that the salient aspect of the above perturbation procedure is the relative position of the perturbed branes rather than their absolute position. The following informal viewpoint can be a useful mnemonic to keep the conventions straight. In general, we always think of morphisms as "propagating forward in time". Thus to calculate the morphisms hom F (M) (L 0 , L 1 ), we have required that L 0 , L 1 are perturbed near infinity so that L 1 is further in the future than L 0 . But what is important is not that they are both perturbed forward in time, only that L 1 is further along the timeline than L 0 . So for example, we could perturb L 0 , L 1 near infinity in the opposite direction as long as L 0 is further in the past than L 1 .
3.4.
Compositions. Signed counts of pseudoholomorphic polygons provide the differential and higher composition maps of the A ∞ -structure of the Fukaya category F (M ). We use the following approach of Sikorav [64] (or equivalently, Audin-Lalonde-Polterovich [5] ) to ensure that the relevant moduli spaces are compact, and hence the corresponding counts are finite.
First, a Weinstein manifold (M, θ) equipped with a compatible almost complex structure conic near infinity is tame in the sense of [64] . To see this, it is easy to derive an upper bound on its curvature and a positive lower bound on its injectivity radius.
Next, given a finite collection of branes
, denote by L the union of their perturbations ψ i (ϕ Hi,δi (L i )) as described above. By construction, the intersection of L with the region M \ W is a tame submanifold (in the sense of [64] ). Namely, there exists ρ L > 0 such that for every x ∈ L, the set of points y ∈ L of distance d(x, y) ≤ ρ L is contractible, and there exists
Now, consider a fixed topological type of pseudoholomorphic map
Assume that all u(D) intersect a fixed compact region, and there is an a priori area bound Area(u(D)) < A. Then as proven in [64] , one has compactness of the moduli space of such maps u. In fact, one has a diameter bound (depending only on the given constants) constraining how far the image u(D) can stretch from the compact set.
In the situation at hand, for a given A ∞ -structure constant, we must consider pseudoholomorphic maps u from polygons with labeled boundary edges. In particular, all such maps u have image intersecting the compact set given by a single intersection point. The area of the image u(D) can be expressed as the contour integral
Since each of the individual Lagrangian branes making up L is exact, the contour integral only depends upon the integral of θ along minimal paths between intersection points. Thus such maps u satisfy an a priori area bound. We conclude that for each A ∞ -structure constant, the moduli space defining the structure constant is compact, and its points are represented by maps u with image bounded by a fixed distance from any of the intersection points. 
is defined as follows. Consider elements
) is defined to be the signed sum over pseudoholomorphic maps from a disk with d+1 counterclockwise cyclically ordered marked points mapping to the p i and corresponding boundary arcs mapping to the perturbations of L i+1 . Each map contributes according to the holonomy of its boundary, where adjacent perturbed components L i and L i+1 are glued with p i .
3.5.
Coherence. In the preceding, we have described the objects, morphisms, and compositions of the Fukaya category F (M ). As explained in the fundamental sources [22, 56] , there are a large number of details to organize to be sure to obtain an honest A ∞ -category. In particular, calculations require branes be in general position, and hence must be invariant under suitable perturbations. In the setting of noncompact branes, we have additional perturbations near infinity to keep track of. In particular, at first pass, the constructions given only provide what might be called a compatible collection of directed A n -categories, for all n. Here A n denotes Stasheff's operad of partial associative operations [65] , and we use the term directed as in [56] . The former arises since we only define finitely many composition coefficients at one time, and the latter since our perturbations near infinity are directed "forward in time". To confirm the coherence of the definitions, one can appeal to a refined version of the well-known invariance of Floer calculations under Hamiltonian isotopies. We include a brief discussion here (largely borrowed from [43] ) to explain the key ideas behind this approach.
Let h : M → R be a Morse function compatible with the Weinstein structure, in particular, providing a conical coordinate near infinity. 
(1) The fibers L s are exact tame Lagrangians with respect to the usual symplectic structure and any almost complex structure conical near infinity. (2) The fibers L s are equipped with a locally constant brane structure (E s , α s , ♭ s ) with respect to the given background classes.
Remark 3.8. Note that if we assume that L 0 is an exact Lagrangian, then L s being an exact Lagrangian is equivalent to the family L being given by the flow ϕ Hs of the vector field of a time-dependent Hamiltonian H s : T * X → R. Note as well that a brane structure consists of topological data, so can be transported unambiguously along the fibers of such a family.
The rest of this section will be devoted to the following statement of Floer invariance. It is the basic instance (going beyond the foundational results of [22, 56] ) of the general pattern that confirms F (M ) is a well-defined A ∞ -category. 
Before proving the proposition in general, it is convenient to first prove the following special case.
Lemma 3.10. Suppose L s is one-parameter family of tame Lagrangian branes in M . Suppose L ′ is a fixed test object which is disjoint from L s near infinity for all s. Fix s 0 and assume L s0 is transverse to L ′ . Then there is an ǫ > 0 so that for all
Proof. By our assumptions on the tame behavior (in the sense of [64] ) of L s0 and L ′ near infinity, the moduli spaces giving the differential of CF (L s0 , L ′ ) are compact. This follows from the a priori C 0 -bound: there is some r 0 ≫ 0, such that no disk in the moduli space leaves the region h < r 0 , where h : M → R is the fixed Morse function.
Choose some r 1 > r 0 . Then for very small ǫ > 0 and any s 1 ∈ (s 0 − ǫ, s 0 + ǫ), we may decompose the motion L s0 L s1 into two parts: first, a motion L s0 L supported in the region h > r 0 ; and then second, a compactly supported motion L L s1 . We must show that each of the above two motions leads to a quasi-isomorphism.
First, for the motion L s0 L, since we have not changed L s0 or L ′ in the region h < r 0 , the same a priori C 0 -bounds of [64] hold (they only depend on the Lagrangians in the region h < r 0 ), and the pseudoholomorphic strips for the pair (L s0 , L ′ ) and for the pair (L, L ′ ) are in fact exactly the same (we could perversely attach "wild" non-intersecting ends to either and it would not make a difference.) Thus we can take the "continuation map" to be the identity.
(One should probably not use the term "continuation map" for such a construction. Rather, it is an example of the more general setup of parameterized moduli spaces. In the above setting, one can obtain a uniform C 0 -bound over the family, so the parameterized moduli space is compact, and hence one can apply standard cobordism arguments to prove the matrix coefficients at the initial and final time are the same.) Second, the motion L L s1 is compactly supported, so standard PDE techniques provide a continuation map.
Proof of Proposition 3.9. By the previous lemma, it suffices to show that for any s 0 with L s0 not (necessarily) transverse to L ′ , there is a small ǫ > 0 such that the Floer chain complexes
Hamiltonian giving the motion L s . Choose a bump function b(|ξ|) which is 0 near infinity and 1 on a compact set containing all of the (possibly non-transverse) intersection points L s0 ∩ L ′ . The product HamiltonianH(x, ξ) = b(|ξ|)H s (x, ξ) gives a familyL s through the base object L s0 satisfying: (1)L s is transverse to L ′ whenever |s − s 0 | is small and nonzero, and (2)L s is equal to L s0 near infinity. Therefore since the motion ofL s is compactly supported, standard PDE techniques provide a continuation map giving a quasi-isomorphism between CF (L s0−ǫ , L ′ ) and CF (L s0+ǫ , L ′ ), for small enough ǫ > 0. Finally, returning to the bump function b(|ξ|), one can construct motions L s0−ǫ L s0−ǫ and L s0+ǫ L s0+ǫ which are supported near infinity and thus in particular always transverse to L ′ . Thus we may apply the previous lemma to obtain quasi-isomorphisms between
Remark 3.11. The above proposition (which is a condensed form of arguments of [42, 44] and appears explicitly in [43] for cotangent bundles) is closely related to Question 1.3 of Oh's paper [45] which asks whether a homology-level continuation map constructed by a careful limiting argument with PDE techniques is induced by a chain-level morphism. While we have not investigated this, it is not hard to believe that the quasi-isomorphism of the above proposition provides the desired lift.
3.6. Stabilization. It is convenient to work interchangeably with small idempotent-complete pre-triangulated k-linear A ∞ -categories [22, 56] when thinking about Fukaya categories and small stable idempotent-complete k-linear ∞-categories [35, 36] when thinking about abstract constructions. They have equivalent homotopy theories, and we lose nothing by going back and forth. In what follows, all of the specific assertions we will use can be found in [10] .
Definition 3.12. Let C, C ′ be stable ∞-categories. A functor F : C → C ′ is said to be (1) continuous if it preserves coproducts, (2) proper if it preserves compact objects, (3) exact if it preserves zero objects and exact triangles (equivalently, finite colimits).
It is convenient to work alternatively within two related k-linear contexts. Definition 3.13. We denote by St k the symmetric monoidal ∞-category of stable presentable k-linear ∞-categories with morphisms continuous functors. The monoidal unit is the ∞-category Mod k of k-chain complexes.
We denote by st k the symmetric monoidal ∞-category of small stable idempotent-complete k-linear ∞-categories with morphisms exact functors. The monoidal unit is the ∞-category Perf k of perfect k-chain complexes.
Definition 3.14. The big stabilization Mod C ∈ St k of a small k-linear ∞-category C is the stable presentable k-linear differential graded category of A ∞ -right modules
The small stabilization Perf C ∈ st k is the small k-linear full ∞-subcategory of Mod C consisting of compact objects (summands of finite colimits of representable objects).
Lemma 3.15. For a small k-linear ∞-category C, the Yoneda embedding is fully faithful
If C ∈ st k , then the Yoneda embedding is an equivalence.
Corollary 3.16. For a small k-linear ∞-category C, forming its stabilization canonically commutes with forming its opposite category
Lemma 3.17. Forming big stabilizations is a faithful symmetric monoidal functor
The monoidal dual of C ∈ st k is the opposite category C op . The monoidal dual of Mod C ∈ St k is the restricted opposite category Mod(C op ).
Remark 3.18. We can recover C ∈ st k from Mod C ∈ St k by passing to compact objects C = (Mod C) c . The image of the morphism Mod :
Corollary 3.19. For C, C ′ ∈ st k , there are canonical equivalences
Definition 3.20. The perfect Fukaya category Perf F (M ) is the small stabilization of F (M ). The stable Fukaya category Mod F (M ) is the big stabilization of F (M ).
3.7. Singular support. While calculations among Lagrangian branes reflect quantum topology, we nevertheless have access to their underlying Lagrangian submanifolds. We take advantage of this in the following definition.
(1) The null locus n(L) ⊂ M is the conic open subset of points x ∈ M for which there exists a conic open set U ⊂ M containing x such that we have the vanishing We define the full subcategory Perf Λ F (M ) ⊂ Perf F (M ) to comprise objects L ∈ Perf F (M ) with singular support satisfying ss(L) ⊂ Λ.
Proof. The singular support condition is clearly preserved by extensions and summands.
In the remainder of this section, we explain (without proof) how to calculate the projectivization of the singular support. By induction using dévissage, this provides a complete picture of the singular support. We will not need this material for any further developments, but include it to help orient the reader.
Fix a finite collection of Lagrangian branes L i ∈ F (M ), for i ∈ I, and let V = ∪ i∈I L i ⊂ M denote the Lagrangian subvariety given by their union. Proof. By dilation, we can contract V ⊂ M to a conical Lagrangian subvariety V c ⊂ M . Then we need only observe that 3.8. Cotangent bundles. We briefly remind the reader of the equivalence between branes in a cotangent bundle and constructible sheaves on the base manifold.
Let X be a compact manifold with cotangent bundle π : T * X → X and projectivization π ∞ : T ∞ X → X. For simplicity, let us assume that X is equipped with an orientation and spin structure. Then (T * X, θ X ) is a Weinstein manifold with a canonically trivial canonical bundle and canonical spin structure.
Definition 3.28. Let Sh(X) denote the differential graded category of complexes of sheaves on X with constructible cohomology.
Definition 3.29. Given an object F ∈ Sh(X), we write ssF ⊂ T * X for its singular support, and ss ∞ F ⊂ T ∞ X for the projectivization of its singular support. Given a Whitney stratification S = {X α } α∈A , we define its conormal bundle and projectivized conormal bundle to be the unions
Definition 3.30. Suppose Λ ⊂ T * X is a conical Lagrangian subvariety. Let Sh Λ (X) ⊂ Sh(X) denote the full subcategory of complexes of sheaves with ssF ⊂ Λ.
Suppose S = {X α } α∈A is a Whitney stratification of X. Let Sh S (X) ⊂ Sh(X) denote the full subcategory of complexes of sheaves with S-constructible cohomology. 
On the other hand, we have corresponding Lagrangian branes constructed as follows. Choose a non-negative function m : X → R ≥0 with zero-set precisely ∂Y ⊂ X. Definition 3.32. We define the standard and costandard Lagrangians L Y * , L Y ! ∈ F (T * X) to be the fiberwise translations
Y X equipped with the orientation bundle or Y , and canonical gradings and spin structures.
We have the following from [44, 42, 43] . Theorem 3.33. There is a canonical equivalence
Furthermore, we have ss ∞ F = ss ∞ µ X (F ), and hence for a conical Lagrangian subvariety Λ ⊂ T * X containing the zero section, µ X restricts to an equivalencez
There are various extensions of the above result to noncompact manifolds X, but we will only need the following mild partial generalization.
Suppose X is a manifold whose noncompactness is concentrated at single conical end. In other words, we have a manifold Y with boundary ∂Y such that Y = Y ∂Y is compact, and an identification
We can equivalently assume X is equipped with a Morse function f X : X → R and Riemannian metric g such that the flow of the gradient ∇ g f X exhibits the conical end as a metric product.
Consider the fiberwise linear function
The following is elementary to verify. Lemma 3.34. For ǫ > 0 sufficiently small, the pair (T * X, θ X + ǫdF X ) forms a Weinstein manifold exhibited by the Morse function h. Now suppose in addition that S = {X α } α∈A is a Whitney stratification with strata X α ⊂ X that are conical near the end. In other words, we assume that the strata X α are transverse to ∂Y inside of X, and the above identification restricts to an identification
We can equivalently assume the strata are invariant under the flow of the gradient of our Morse function along the conical end. Now let i : Y → X be a union of strata. On the one hand, we have the standard and
On the other hand, we have the corresponding standard and costandard branes L Y * , L Y ! ∈ F (T * X) constructed with a non-negative function m : X → R ≥0 invariant under the flow of the gradient of our Morse function along the conical end.
With no significant modifications, the arguments used to establish Theorem 3.33 provide the following. Proposition 3.35. There is a canonical functor
Remark 3.36. We will apply the above in the special situation when X itself is a Weinstein manifold, with f X a Morse function compatible with its Liouville vector field, and S the stratification by coisotropic cells.
Adjunctions for branes
Suppose throughout this section that (M, θ, η, σ) is a fixed Weinstein target, so a Weinstein manifold (M, θ) with a bicanonical trivialization η and spin structure σ. Suppose as well that each of its Weinstein cells (M p , θ p ) is equipped with a bicanonical trivialization η p and the (necessarily) trivial spin structure σ p . 
given on Lagrangian branes by the duality
Proof. Our perturbation framework is compatible with the assertion.
Definition 4.5. Suppose M, N are Weinstein targets, and
We obtain a morphism (continuous functor)
characterized by the functorial identification
Remark 4.6. There are (at least) two approaches to confirm that the above definition makes sense. On the one hand, we can adopt the geometric formalism of Lagrangian correspondences as developed by Wehrheim and Woodward [67, 68, 69, 70, 71, 72] and Ma'u [40] and count pseudoholomorphic quilts to provide the structure constants of an A ∞ -functor. On the other hand, we can adopt the algebraic approach of bimodules and count pseudoholomorphic disks in each factor separately. To enact the latter approach, we first must be careful with transversality to be sure that the moduli spaces behave as expected, and then we can appeal to the now established fact [50, 51, 39, 32] that the tensor product of categories is governed by the tensor product of A ∞ -structures. In both approaches, we must take into account our perturbation framework and apply elaborations on the invariance arguments of Section 3.5.
The following assertion can be checked by hand, and similar assertions in parallel settings can be found in many places including [67, 68, 69, 70, 71, 72, 42] . 
4.2.
Closed cell correspondences. Fix a maximal critical point p ∈ c, so that the corresponding coisotropic cell is closed, and consider the Hamiltonian reduction diagram
where i p is the inclusion of the coisotropic cell, and q p is the quotient by the integrable isotropic foliation determined by i p .
Definition 4.8. We define the closed cell correspondence
to be the Lagrangian submanifold C p ⊂ M op p × M equipped with the trivial local system, arbitrary fixed grading, and trivial pin structure.
Theorem 4.9. There is a fully faithful functor
such that its continuous extension
is given by the correspondence construction f Kp .
Proof. The representability of the functor f Kp can be seen by elementary methods, or as a non-compact variation on the theory of Lagrangian correspondences of Wehrheim and Woodward [67, 68, 69, 70, 71, 72] . The geometric composition of a Lagrangian brane L ⊂ M p with the correspondence K p is nothing more than the pullback i To see that the functor is fully faithful, fix two branes L 0 , L 1 ∈ F (M p ), and consider iL 0 , iL 1 ∈ F (M ). It suffices to show that for some open neighborhood N (C p ) ⊂ M , all disks involved in the calculation of hom F (M) (iL 0 , iL 1 ) lie in N (C p ). Following for example [44, 42] , this can be accomplished as follows. First, by contracting the original branes L 0 , L 1 ⊂ M p with the Liouville vector field of M p , we can ensure arbitrarily small energy bounds on the disks. Then we can invoke [64] so that the energy bounds provide sufficient diameter bounds. 
The functor i restricts to a functor
Proposition 4.11. There exists a continuous right adjoint
coinciding with the correspondence construction f K ′ p .
Proof. By construction, Mod F (M p ) is presentable, and i is continuous and proper, hence we have a continuous right adjoint characterized by Theorem 4.12. For † =!, * , there is a fully faithful functor
with continuous extension
given on Lagrangian branes L ∈ F (M s ) by the pushforward
Proof. For † =!, * , the existence of the functor j † and the fact that it is fully faithful all follow from some simple observations. Consider a finite collection of branes in M s and finite collection of A ∞ -compositions. First, observe that the symplectomorphism Ξ † is compatible with our perturbation framework. Second, observe that the relevant intersections and disks lie in a fixed compact subset of M s thanks to diameter bounds depending only on the compact subset. Thus changes to the target and branes outside of this subset are immaterial. In particular, we can alter the almost complex structure away from the compact set to obtain an almost complex structure extending over all of M without affecting any of the calculations.
Remark 4.13. In the language of Lagrangian correspondences, the functor j † is given by the correspondence construction f Γ s † where we write Γ s † ⊂ M s × M for the graph of Ξ s † equipped with its canonical brane structure.
Remark 4.14. Recall the induced markings
There is a continuous right adjoint
given by the correspondence construction f Γ ′ s † .
Proof. By construction, Mod F (M p ) is presentable, and j ! is continuous and proper, hence there is a continuous right adjoint j ! characterized by
It is elementary to unwind the definitions to see that j ! coincides with f Γ ′ s † .
Remark 4.16. The same argument applies to j * to produce a continuous right adjoint. We have not introduced this object since it will have bad representability properties.
4.4. Simple identities. We collect here some simple relations between the functors constructed in the previous sections.
Lemma 4.17. The counit maps provide equivalences of functors
A functor admitting a right (respectively left) adjoint is fully faithful if and only if the unit (respectively counit) of the adjunction is an equivalence.
Lemma 4.18. There are canonical equivalences of functors
Proof. Thanks to our perturbation framework, given test branes, each of the compositions will result in a configuration with non-intersecting branes.
4.5. Geometry of diagonal. We continue with the previous setup: a maximal critical point p ∈ c corresponding to a closed coisotropic cell C p ⊂ M , and open subset s = c \ {p} corresponding to the open complement
such that in the domains of definition we have identifications
Definition 4.20. We define the closed cell projector
to be the Lagrangian submanifold C p × Mp C p ⊂ M op ×M equipped with the trivial local system, trivial grading, and trivial pin structure.
For † =!, * , we define the open complement projector
to be the Lagrangian graph Γ Ξ † ⊂ M op × M equipped with the trivial local system, trivial grading, and trivial pin structure.
we have exact triangles of branes
Proof. On the one hand, given any open neighborhood N (∆ M ) ⊂ M op × M , and any finite number of A ∞ -compositions among the branes in the assertion of the theorem, we can arrange so that all relevant geometry lies in N (∆ M ).
On the other hand, using the microlocalization functor
we can transport the standard exact triangles
Localization
We continue to suppose throughout this section that (M, θ, η, σ) is a fixed Weinstein target, so a Weinstein manifold (M, θ) with a bicanonical trivialization η and spin structure σ. We will also suppose as well that each of its Weinstein cells (M p , θ p ) is equipped with a bicanonical trivialization η p and the (necessarily) trivial spin structure σ p .
Preliminaries.
Definition 5.1. The conic topology of M is the category M con with objects conic open subanalytic subsets of M and morphisms inclusions.
Recall that st k denotes the ∞-category of small stable idempotent-complete k-linear ∞-categories. Remark 5.11. Note that Null(M, ∅) = Perf F (M ), and
Remark 5.12. As a consequence of our main results, we will deduce the nontrivial identity
In other words, if a brane L ∈ Perf F (M ) has empty singular support ss(L) = ∅, then it itself is trivial L ≃ 0. 
, we have compatibility with global singular support
Proof. The assertion is evident for sections of the presheaf F Let C ⊂ M be a closed coisotropic cell and consider the Hamiltonian reduction diagram
where i is the inclusion of the coisotropic cell, and q is the quotient by the integrable isotropic foliation determined by i. 
Consider as well the complementary open
j : M • = M \ C / / M Proposition 5.18. Let U • ⊂ M • ⊂ M be a conic open subset.
Then the dévissage functors restrict to a diagram of adjunctions
From here, it suffices to see that the functor j * takes Null(M, U • ) to Null(M • , U • ). Fix a brane L ∈ Null(M, U
• ), and any point x ∈ U • . We must confirm that x ∈ n(j * (L)). Fix a conic open set V ⊂ U
• containing x that exhibits x ∈ n(L). We will show that V regarded as a subset of M
• also exhibits x ∈ n(j * (L)). Fix a test brane P ∈ F (M • ) with P ⊂ V and ∂
Then we seek to show that hom Perf F (M • ) (j * (L), P ) ≃ 0.
By adjunction, this is the same as to show that hom Perf F (M) (L, j * (P )) ≃ 0.
By construction, we have j * (P ) ⊂ V . After the small perturbation required to compute the above morphisms, we also have ∂ ∞ M (j * (P )) ⊂ V ∞ M . Thus since V exhibits x ∈ n(L), the above morphisms vanish, and hence V also exhibits x ∈ n(j * (L)).
Corollary 5.19. Restriction induces a canonical equivalence
Proof. It suffices to show the analogous statement for presheaves 
Proof. The first part follows immediately from the dévissage compatibility of Proposition 5.20. The second part is an immediate application of the Barr-Beck Theorem.
Remark 5.22. While the abstract monadic language is convenient, little of the sophisticated theory it represents is needed. More simply, we can say that F 
Hence by Theorem 5.24, we have an equivalence on global sections
where T = RL ∈ End(Perf F (M • ) ⊕ Perf F (N )) is the monad of the adjunction
Comparison with the similar monadic description of Perf F (M ) yields the theorem.
Proof. The localization of L is a null brane for any conic open set.
Remark 5.27. We will not need the following discussion but include it to help further orient the interested reader.
One might ask whether a dévissage description similar to that of Theorem 5.24 might exist for the sheaf F M itself rather than its pushforward π * F M . The immediate answer is negative since the key functors j ! , j * are not local. But one need not pass all the way to the quotient M → M ∼ induced by the collapse C → * . Rather it is possible to pass to the intermediate quotient M → ′ M ∼ induced by the natural collapse C → N . More broadly, the sheaf which admits a natural dévissage pattern is the pushforward of F M along the quotient of M where each coisotropic cell is collapsed to its corresponding Weinstein cell.
In another direction, one might also ask which aspects of the dévissage pattern can be lifted to the sheaf F M itself. First, we can consider the full subsheaf i ! q * F N ⊂ F M generated by objects of the form i(L) ∈ Perf F (M ), for objects L ∈ Perf F (N ). There is a canonical equivalence on global sections
Perf
Second, we have seen that there is a canonical morphism F M → j * F M • that induces an equivalence
Unfortunately, as mentioned above, there are no evident adjoint maps of sheaves. The following related construction provides a partial solution. For † =! or * , we can consider the full subsheaf F M • † ⊂ F M generated by objects of the form j † L ∈ Perf F (M ), for objects L ∈ Perf F (M • ). (We caution the reader that F M • † is not the same as the pushforward j † F M .) Then restriction induces a canonical equivalence
Furthermore, it also induces a canonical equivalence on global sections We now can confirm the following assertion from the introduction. Proof. All follow from our previous constructions and results. Recall the two-dimensional Weinstein cell M = C with standard Liouville form θ and projectivization M ∞ ≃ S 1 . Its core is the single point K = {0} ⊂ C, and its ether is the complement E = C * ⊂ C. Any characteristic cone Λ ⊂ C will be the union of K = {0} with finitely many rays. Let us denote by Λ n ⊂ C the characteristic cone with n rays, for n = 0, 1, 2, . . ..
Then as is well known, Perf Λn F (C) is equivalent to finite-dimensional modules over the A n−1 -quiver (in particular, for n = 0, it is the zero category). This is also the stalk of the sheaf F Λn at the point 0 ∈ C. Its stalk at other points x ∈ C is either (not necessarily canonically) equivalent to Perf k when x ∈ Λ n , and is the zero category otherwise.
